arXiv:math-ph/0512035vl 12 Dec 2005 


The Drinfeld double gl(n) © t n 


A. Ballesteros 1 , E. Celeghini 2 and M.A. del Olrno 3 

1 Departamento de Fisica, Universidad de Burgos, 

E-09006, Burgos, Spain. 

2 Departimento di Fisica, Universita di Firenze and INFN-Sezione di Firenze 
150019 Sesto Fiorentino, Firenze, Italy 

3 Departamento de Fisica Teorica, Universidad de Valladolid, 

E-47005, Valladolid, Spain. 

e-mail: angelb@ubu.es, celeghini@fi.infn.it, olmo@fta.uva.es 

February 7, 2008 

Abstract 

The two isomorphic Borel subalgebras of gl(n), realized on upper and lower tri¬ 
angular matrices, allow us to consider the gl(n) © t n algebra as a self-dual Drinfeld 
double. Compatibility conditions impose the choice of an orthonormal basis in the 
Cart an subalgebra and fix the basis of gl(n). A natural Lie bialgebra structure on 
gl(n) is obtained, that offers a new perspective for its standard quantum deformation. 
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1 Introduction 


Drinfeld-Jimbo deformations of semisimple Lie algebras are closely related to quantum 
doubles [5|, and their universal quantum R- matrices can be computed by making use of this 
property (see, for instance, Ref. i-i). For a complete discussion of the problem we refer 
to jSj, where it is shown that Uh(g ) (where g is a finite dimensional complex semisimple Lie 
algebra) is ‘almost’ a quantum double, ffowever, the positive and negative quantum Borel 
subalgebras have in common the Cartan subalgebra, and the underlying Drinfcld double 
(Manin triple) cannot be properly defined. 

In this paper we propose a way to circumvent this problem by enlarging the Cartan 
subalgebra in such a way that two disjoint solvable algebras, isomorphic to Borel subalgebras, 
can be properly paired. Therefore, a Manin triple structure for the extended algebra g = g(Bt, 
where t is an abelian algebra, is explicitly constructed and analyzed. 

As a first example of this approach, we consider the gl{n ) case. We introduce the ex¬ 
tended algebra g = gl(n ) © t n , where t n is an n-dimensional abelian algebra generated by 
Ij,(j = 1 ,,n). Explicitly, we define the following new basis in the 2 n dimensional abelian 
subalgebra of g\ 

H t = + « j ). 

Afterwards, we consider two disjoint solvable Lie algebras s + and s_, that contain the HJ and 
HJ generators, respectively, and that are isomorphic to the subalgebras defined by upper and 
lower triangular matrices of gl(n). Then, the definition of the pairing is done in terms of the 
Killing form for the gl(n) generators and it is generalized through an appropriate definition 
for the additional central generators. As a result the Manin triple [31 31 3] (s+,s_,<?) is 
obtained. 


H J = -^(H, - UJ ( 1 ) 


This result offers a way for the quantization of gl(ri) © t n . From the underlying Lie 
bialgebra we can deduce that the direct sum structure is no longer preserved after deforma¬ 
tion, since the extra abelian sector gives rise to a set of twists that will intertwine with the 
standard quantization of the gl(n ) subalgebra (results concerning the known gl(n) quanti¬ 
zations can be found in Ref. H-na ). Moreover, from U z (gl(n) © t n ) one would be able to 
recover U z (sl(n )) in the representation of t n in which all R are equal. Note also that while 
this “central extension procedure” m can be only done on the complex, the final U z (sl(n )) 
would be obtained on M. 


The paper is organized as follows. In section 2 we recall the basic notation. Section 3 is 
devoted to the gl( 2) case, that is fully discussed. The generalization to gl(n ) is presented in 
section 4 and some comments and remarks are included in section 5. 


2 Manin triples and Drinfeld doubles 

In order to fix the notation, let us recall that a Manin triple is a set of three Lie algebras 
(s + , S-,g) that can be constructed as follows. 
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Firstly, let us consider a pair of disjoint Lie algebras s+ and s_ with the same dimension. 
Their commutation rules are given by the structure tensors / and c: 


[Zp, Zq] 

= fZ, q Zr , 

Zp, Zq G s_|_, 

(2) 

[z p , z q ] 

= cl' q z r , 

z p ,z q G s_. 

(3) 


Now let us define a pairing between them (i.e., a non-degenerate symmetric bilinear form on 
the vector space s+ © s_ for which s± are isotropic) 


(Z p , Z q ) — 0, 


(Z p ,z q )=5 q p , (z p , z q ) = 0. 


If the compatibility relations (crossed Jacobi identities) 


(4) 


r p,g f r 
L r J s,t 


= c p ff q r , + c; 


r, q fP 


r.t 


+ cf7* + c©/■ 


P 

s.r 


(5) 


are fulhllcd, we can construct a new Lie algebra g such that, as a vector space, g = s + © s_ 
and such that the pairing is invariant under the adjoint representation of g (i.e., ([a, b\,c) = 
— (a, [6, c])], Va, b, c G g). The latter condition leads to the following crossed commutation 
rules between the elements of s + and s_: 


[*". Z,\ = HJ 


<f/Z r 


( 6 ) 


The Lie algebra g is then called a Drinfcld double [3], and (s + ,S-,g) is called a Manin 
triple. Then g can be endowed with a (quasitriangular) Lie bialgebra structure (g,8r>) 

5 D {Z p ) = - v (Z p ) = -c q / Z q © Z r , S D (z p ) = 6{z p ) = fl r z q © z r . (7) 

This “double Lie bialgebra” has as Lie sub-bialgebras (. s + ,—rj) and its dual (s-,8). Obvi¬ 
ously, several Manin triple structures for a given g can be constructed (see, for instance, 

Ref. [I51-[f8|). 

Finally, we remark that m can be derived either from the classical r-matrix 

r = zP ® Z p , 

p 


or from its skew-symmetric counterpart 


r = 


J2 zPaZ p 


( 8 ) 


3 The Drinfeld double gl( 2) © © 

Let us start with the elementary example of gl( 2) by considering the solvable algebras s + = 
{Z i, © 2 , Z 3 j and s~ = {z 1 , z 2 , z 3 } with commutation rules 


[Z\, Z 2 \ — 0, [Z \, Z :i \ — —J=Z 3 , 




(9) 
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The structure tensors for s + , f p ( 0 , and s_, c p ' r © , are 


* 2 ,z 3 l = 


V2 


z 3 . 


( 10 ) 


f 3 ~-f 3 - 
J 1,3 — •! 3,1 — 


V2’ 


f 3 - _ f 3 - _ 
J 2.3 — J 3.2 — 


v/2’ 


c P,q = _ f 


p,q' 


Now, let us consider the triple (s+,s-,g = s+ + s_) and a bilinear form on g defined 
through ©• Jacobi identities © are easily checked and the crossed commutation rules 
between s+ and s_ are given by 


[z 1 ,Z 3 ] = -[z 2 ,Z 3 } = -±.Z 3 , 


n/2' 

73 

[^ 3 , z 3 \ = + Zi) + -4(^ 2 + z 2 ). 


[z 3 ,Z 1 ] = -[z 3 ,Z 2 ] = 1 ~ 3 


( 11 ) 


Note that the 1 /\/2 factor in © and m is essential in this construction. Since s + and s_ 
are isomorphic, we are dealing with a self-dual Manin triple. In other words, (s + , g) is a Lie 
bialgebra with cocommutator 

? l(Z p ) = Cp ,r Z q 0 Z r . 

Explicitly: 

v(Z±) = r)(Z 2 ) = 0, g(Z 3 ) = -^=Z 3 A (Z x - Z 2 ). 

Respectively, (s-,6) is the dual Lie bialgebra with cocommutator 

S(z p ) = f p r z« 0 

which reads 


<5(^ 1 ) = 5{z 2 ) = 0, 


J(z 3 ) =- ^=z 3 A (z 1 - z 2 ). 

V2 


Now, considering the change of basis 

Hl = ±(Z 1 + z l ), 

H -2 = 75(^2 + Z 2 ), 

F\ 2 = Z 3 , 

and rewriting the relations ©, andtHU), we obtain 

[/*,-] = 0, [Hi, H 2 ] = 0, [H u F 12 \ = F 12 , 

IF 2 , F, 2 ] — — Fi 2 , [//.. /■ 21 ^ — F 21 , [F 12 , F 2 ,] — Hi — H-2, 


^ - A- 

I* = ■&&-#), 

F 21 = z 3 , 


( 12 ) 


[Hi, F 21 ] — —F 2 \, 


(13) 


which are just the commutation rules for the Lie algebra g = gl( 2) 0 t 2 in the usual basis 
{H\, H 2 , F 12 , F 2 i} 0 {Ii, I 2 }. 
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Therefore, we have proven that the two solvable algebras s+ and together with the 
pairing 0 endow g = gl( 2) © t 2 with a Drinfcld double structure. Note that s + and s_ 
have been chosen to be isomorphic to the upper and lower triangular 2x2 matrices of gl( 2), 
respectively. 

Explicitly, the associated Lie bialgebra 0 is 

M/0 = o, 

= o, 

Sd(F 12 ) = -\Fi2 a (H, - H 2 ) - \f 12 a (h - J 2 ), 

5d(F 2 i) = -\f 21 a (tf, - h 2 ) + IF 21 a (Ji - J 2 ). 

This cocommutator <© can be derived from the classical r-matrix 0 i.e. 

r = ^ F 2 i A F 12 + ^ (fLi A Ji + iL 2 A I 2 ) = r s + f t , 

where r s generates the standard deformation of gl( 2) and f t denotes a twist, that becomes 
trivial in the representation of t 2 where I\ — I 2 — 0. 

It is worth to note that from m the pairing 0 is simply the Killing form relations for 
gl (2) in the “oscillator representation” convention jlfij 

{Hi, Fjk) 0 , ( Hi , Ftj ) Sjj , (Fij, Fi,i) 8j k 8n 

supplemented by a suitable definition of the pairing for the additional central generators 

(h , © = Sij, (Ii, Hj) = 0 , (/*, i©) = 0 . 


4 The gl(n) © t n case 


For the general case of gl(n) the procedure is similar to the one followed in the preceding 
case of gl( 2). We consider two n(n + 1)/2-dimensional solvable Lie algebras s + and s_, 
isomorphic to the subalgebras defined by upper and lower triangular n x n matrices of gl(n ), 
with generators 

s+ : {Xi, Yij }, i, j = 1,..., n, i < j, 

s~ : {x\y 13 }, i,j = l,...,n, i < j, 

and commutation rules given by 


[Xi, Xj] = 0, [w, Y jk ] = j-iSij - S ik ) Y jk , 

[x\ x j ] = 0, [x\ y jk } = - 5 ik ) y jk , 


\Y’i j ,Y kl ] = (6 jk Yi l -6i l Y kj ), 
[y ij , y kl ] = ~{S jk y il - 8uy kj ). 


Following 0 and 0, the corresponding structure tensors / and c read 


flm _ _ flm _ _ i,jk _ Jk,i _ 1 / f 

J i,jk J jk,i ^Im Im 

fljM = -C^n = SjkSimSln - S H 8 km 8 jn . 


8ik)8ji5, 


jio km-; 
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If we assume that the two algebras are paired by 


(x‘,X j )=S' j , <y«, Y a ) = S‘ t s;, (14) 

we can dehne a bilinear form on the vector space s+ © s_ in terms of (d such that both s± 
are isotropic for it. Under these conditions we can consider the triple (s + ,s_, g = s + + s_). 
Indeed, by taking into account © we obtain the crossed commutation rules 

[x i ,X j ]=0, [x\Y jk ] = ±(8ij - 8 ik ) Y jk , [y ij ,X k ] = -X(8 ik - 5 jk ) y ij , 

[y ij , Y kl ] = {8^ + y'i) - 8j t (Y ki + y ik )} - 8 ki 8 tj {X, + x i - X j - x*), 

where Y^ = 0 and y l i = 0 for i > j. 

We can avoid to check the compatibility conditions © since g is a well known Lie algebra, 
that can be identified by considering the following change of basis 

Hi = -j=(Xi + x% h = -^=(W - x l ), F tj = Y^ + if\ 

The full set of commutation rules for g is: 

[Ii, •] = 0 , [Hi, Hj\ = 0 , [Hi, F jk ] = ( 8ij - S ik )F jk , 

\Fj , Tfc/] (8 :) kFa 8jiF k j ) © 8j k 8ji (H, Hj ). 

These relations are nothing but the commutation rules for gl{n) (Bt n , where gl(n ) is dehned 
by the usual fundamental representation in terms of the n x n matrices Hi and F tJ (i j- j) 
dehned as follows 

(H,y = SiSl = 

Thus, (s + , S-,g — gl(n ) © t n ) is a self-dual Manin triple. 

The cocommutator 8d 0 reads 

S D (Ii) = 0 , 

6 D (Hi) = 0 , 

SoiFij) = —\Fij A (Hi - Hj) - \Fij A (/,; - Ij) + Y^k^i+i F ik A F kj , i < j, 

SoiFij) = 2 Fij A (Hi — Hj) — jFij A (/* — Ij) — Y2 k =j+i Fik A F k j, i > j. 

In particular, (s + ,8r>) and its dual (s-,8jj) are Lie sub-bialgebras. The classical r-matrix 
©, in the basis {//,;, F t] , /,} , is written as 

?=\^2 F j i / \ F^ + l - H i A h = r s + f t . 

i<j i 

Again r s generates the standard deformation of gl(n) and r t is a twist (not of Reshetikhin 
type HU). When all the A are equal the twist r t becomes trivial. 

Note also that the chain gl(m) C gl(m + 1) is preserved at the level of Lie bialgebras. 
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5 Concluding remarks 


We have introduced a Drinfeld double structure on the Lie algebra g = gl(ri) © t n , inspired 
by the Cartan-Dynkin approach for the classification of simple Lie algebras in which the 
(solvable) Borel subalgebras play an essential role. We briefly comment on some consequences 
of this construction both from a classical viewpoint and from the quantum deformation 
perspective. 

Firstly, it is worth to emphasize that the choice of the basis in g is crucial because in 
order to have a Drinfeld double structure we need, up to a global factor, both an orthonormal 
basis in the Cartan subalgebra and a fixed normalization for all the remaining generators. In 
terms of the associated Killing form K, this choice implies that for the “extended” Cartan 
subalgebra K mn = while K a p = S a -0 for the root vectors. This seems to be the natural 
choice and corresponds to the “oscillator representation” convention [01J (many others have 
been considered in the literature ESI). 

Secondly, the results here presented can be thought of as a first step in order to approach 
quantum deformations of semisimple Lie algebras from a quantum double perspective. In 
particular, we have provided the first order information for the construction of U z (gl(n ) ©i n ) 
and, as a byproduct, of the Drinfeld-Jimbo deformation U z (sl(n)). Under this approach 
the essential task is to obtain the full quantization of a solvable Lie algebra in which the 
only deformed coproducts correspond to the nilpotent generators (one could follow Ref. [TB] 
and iJU). In this way, Serre relations do not play any role since all the root vectors are 
considered on the same footing, and the quantization procedure is rather simplified by the 
self-dual nature of the underlying Lie bialgebra (and of the associated Poisson-Lie group). 

By following the same lines, the discussion of the Drinfeld double structure for the B , C 
and D series of simple Lie algebras will be presented elsewhere. 
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